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1. Introduction and motivation 

The AdS/CFT correspondence |||, ^] can be generalized to a duality between conformal 
field theories with defects and D-brane configurations in Anti de Sitter space (AdS) which 
typically wrap AdS subspaces of the ambient AdS ||5|, ^, 0]. One important example of this 
duality arises by considering Dp-hianes which intersect Nc D3-branes in the large Nc limit. 
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At weak 't Hooft coupling this system is described by a defect in the = 4 SYM conformal 
theory on the D3-branes. At strong couping it is described by a geometry in which the 
Dp-hrane wraps a subspace of the AdS^ x near- horizon geometry of the Z)3-branes. 

Such systems and their generahzations to nonconformal theories play an important 
role in recent attempts to provide a string theoretic construction of strong coupling dual 
descriptions of QCD, but in such models the full structure of the correspondence has not 
yet been worked out. One of the motivations for the current research was to work out the 
mapping between states and operators in a defect AdS/CFT system with chiral fermions. 
Intersections with chiral fermions occur in Q which involves DS/DA-hvane intersections. 
The model considered here, involving D7/D3 intersections, is easier to analyze because 
of the more direct connection to AdS/CFT. This example was mentioned in |^], but to 
our knowledge has not been studied in depth. In fact the details of this correspondence 
will appear elsewhere while here we focus on some foundational material needed to 
understand the structure of this system from the field theory point of view. The D7/D3 
system has a rich web of connections to many other well-studied systems in string theory 
including stringy cosmic strings, string defects in AA = 4 SYM, F-theory on K3 and its 
various dual descriptions, and the matrix theory description of heterotic string theory. 
It may also be useful in constructing the elusive instanton corrections to the 07-plane 
anomalous couplings |1C]. 

This paper is organized as follows. We start out in the following section by describing 
the system we will be studying and reviewing some of the relevant material on Z)7-branes 
and 07-planes and the corresponding supergravity solutions. We then identify the obvi- 
ous zero-modes on the 1 + 1-dimensional intersection and study the question of anomaly 
cancellation by anomaly inflow. We are led to conclude from this analysis that there must 
be additional zero-modes on the DS-branes which are localized near the intersection of the 
Z?3-branes and 07-planes. We then establish the existence of these zero-modes first by 
constructing the effective action on the D3-branes and using index theory, and then by 
explicit construction. In Section 4 we use string dualities and the explicit formulae for the 
zero-modes to deduce the dependence of the Type I and heterotic string couplings on the 
7-brane moduli. 

Much of our analysis becomes trivial in a particular limit where the space transverse to 
the £)7/07-planes is compact and the D7-branes and 07-planes coincide so that the system 
can be studied using the standard perturbative string analysis of orientifolds. In fact in 
that case the system is T-dual to a Dl-string in Type I theory. Our analysis is however 
more general and allows us to also analyze the system for a noncompact transverse space 
and also away from the orientifold limit where one encounters regions of strong coupling. 



2. Description of the system 
2.1 Stacks of branes and o-planes 

We consider a transverse intersection of -D3-branes with Z)7-branes and 07-planes. The 
coordinate axes are taken such that the branes span the directions marked in Table |l[ 
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Table 1: Brane orientations 



with 



0, . . . , 9 and are divided 
into x^^ = {x"^,y°') with m = 0, . . . , 3 
and Q = 1, . . . , 6. We also use indices 
A,B, a,b, and a,f3 to denote corre- 
sponding tangent space directions. We 

further divide the spacetime directions along the Z)3-brane into x"^ = {x^,z,z) 
// = 0, 1, and z = x'^ + ix^. Corresponding tangent space indices are underlined. Lightcone 
coordinates = x*^ it x^ will also be used. We denote the arbitrary number of Z)3-branes 
by A^c. 

In the strict = limit, the number of I?7-branes and 07-planes can be arbitrary, 
but as soon as i^s 7^ many of these configurations become inconsistent. As we will review 
in the next section, one-half BPS 7-brane solutions in supergravity with arbitrary gg only 
exist for certain special numbers and combinations of {p, q) type 7-branes. Furthermore, as 
soon as 7^ 0, the full back reaction of the 7-branes on the metric, dilaton, and R-R scalar 
(axion) must be considered; there is no a' ^ decoupling limit. This is easily seen from 
the fact that Newton's constant in front of the IIB supergravity action and the Z)7-brane 
tension in front of the 7-brane DBI plus WZ action have the same powers of a' . Thus the 
solutions will not depend on a' . 

There have been many interesting studies of adding flavors to the classic AdS/CFT 
correspondence using 7-branes. One can work in the strict gs = probe limit but if 
one is interested in subleading effects, the fully back reacted supergravity solution must be 



considered |12, 13, 14|. In general, the exact solution is not known. Note, though, in the 
simplest 7-brane background~a Z2 orientifold-a very explicit study of the correspondence 



including subleading effects can be made |15|. Even in the more general setting, one can 
make much progress for the following reason. The Z)3-branes in all of these setups are 
parallel to the D7-branes and close to or coincident with them. Therefore, one can go a 
long way by approximating the supergravity solution in a region near the Z)7-branes. 

Our setup is very different, as the Z)3-branes are extended in the directions transverse 
to the 7-branes. We will want to consider g^ ^ as this leads to some interesting results, 
and therefore it will be crucial to work with the full 7-brane supergravity solution. Hence, 
there will be restrictions on the number and type of 7-brane configurations we can consider. 

In this paper we will work in a regime where the L>3-branes are well described by an 
effective field theory on their worldvolume; in other words we assume ggN^. « 1. 

2.2 Review of 1/2-BPS seven-brane solutions 

A static 7-brane sources the metric and axidilaton t = Cq + ie~* = ti + iT2- The super- 
gravity equations of motion of this system, or alternatively the preservation of supersym- 
metry, require r to be a holomorphic^ function of z, and near the source it should behave as 
r ~ In (z — zq). The key ingredient to having solutions with a dilaton that does not diverge 



^Whether r must be a holomorphic or anti-holomorphic function depends on one's definition of positive 
orientation, or equivalently on whether one wishes the supersymmetries preserved by the 7-brane to have 
positive chirality or negative chirality. Later, we will choose the supersymmetries preserved by the 733- 
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as z ^ oo and a finite energy per unit 7-brane volume, is to use the SL{2, Z) invariance 
of IIB string tlieory to allow the axidilaton to make jumps by PSL(2, Z) transformations. 
Values of the dilaton that are related by such transformations are physically equivalent. 
One can alternatively represent such solutions with a t{z) that does not have discontinuous 
jumps by making use of Klein's modular j-function-a 1:1 and onto map j : Fq ^ G, where 
Fq is the fundamental domain of PSL{2, Z). This map is holomorphic everywhere except 
at the cusps of Fq, at which = 1, j{p) = 0, and j(ioo) = oo, where p = e^*'^/^. Around 
these points, : C — >■ Fq behaves as 



i + + 0{{Z - l)^) 

p + z^/^ + Oiz^/^) (2.1) 
^logz + 0{l/z) 



respectively. Around these points r = j~^{z) has PSL(2, TL) monodromy S*, T~^S, and T 
respectively, where S, T are the usual generators of SL{2, Z) and ^ = ^) ^ PSL{2, Z) 
acts on T via 

ar + b 

At = . (2.2) 

If we were simply to set t{z) = j^^{z), the logz behavior looks promising, but the 
failure of holomorphicity around z = 0,1 indicates that SUSY is not globally preserved. 
This can be remedied by taking 

r{z) = r\f{z)), (2.3) 
where f{z) = P{z)/Q{z) is a meromorphic function with the properties 



f{z) = 1 + {z — Zi)^ + 0{{z — Zif), near Zi such that j{zi) = 1 , 
f{z) = {z — Zp)^ + 0{{z — Zp)^), near Zp such that f{zp) = . 



(2.4) 



(n) 

We also label the poles of / with the notation z^^; these points will correspond to locations 
of 7-branes. We can assume that P, Q are polynomials of the same degree so that 2; = oo is 
not a special point of /-this is just a choice of coordinate system. If / has Nf poles, then 
the modular invariant and nowhere vanishing metric is given by 

ds^ = r]i,^dxV + e^^^'^Uzdz + dapdy'^dy'^ , (2.5) 

with 



1/12 

(2.6) 



branes to be in the (2,4) of the corresponding 50(1,3) x SO{6), and at the same time declare that the 

supersymmetries preserved by the D3/D7 intersection are right-handed with respect to the 50(1, 1) of 
the intersection. This puts the four preserved (complex) supercharges in the (—1/2, —1/2, 4) of 50(1, 1) x 
50(2) X 50(6), so that the corresponding spinor parameterizing IIB supersymmetry variations, e, is in the 
(1/2, 1/2, 4). Requiring that the supersymmetry variation of the dilatino vanishes then implies that r must 
be anti-holomorhpic. 
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This is smooth everywhere except at the z^"^ where it behaves hke log \ z — z^^l, 
factor of T2- (The exphcit factors of {z — zl'^)~^^^'^ cancel out the zeroes of the Dedekind eta 
function at these points). These solutions were first constructed in |24| as "stringy cosmic 
strings," before the invention of Z)-branes, and they were later interpreted as Z)7-brane 



solutions by |25]. A recent analysis is given in |2^, whose notation we follow. 

The minimum number of poles of such an / satisfying (2.4) is Nj = 6. t(z) is then a 



6:1 wrapping of -Fq by (D, holomorphic everywhere except at the z^"^. Note that 6 = 3 • 2 is 
the product of orders of monodromies around the cusp points i, p of Fq. Any f{z) satisfying 
the above requirements must in fact have Nf divisible by 6. On the other hand, since r 
goes to a non-zero constant as z — > oo, the metric behaves as 

hm e'^ ~ . (2.7) 

IzHoo \z\^f/^ 

N 



L 
12 • 



It follows that the transverse space is asymptotically conical, with deficit angle 5 = (27r) 
Hence for Nf = 12 the space is asymptotically cylindrical and for Nf > 12 it becomes 
compact. For the compact case, it turns out that only Nf = 24 avoids problems at z = oo. 
The transverse space has deficit angle 47r-ie. it has become an (or CF^). Thus there 
are only three values^ Nf can take, 6, 12, 24. 

(n) 

Around the z^^, r has monodromy T, so that Co ^ Co + 1. Naively then, these points 
correspond to the locations of ordinary D7-branes, on which Fl-strings (or {p,q) = (1,0) 
strings) end, as they have magnetic R-R 0-form charge 1. However, in constructing these 
solutions we have essentially gauged SL(2,Z), which acts on the {p,q) charges of Fl/Dl 
bound states, so this naive intuition turns out to be wrong. Before discussing this, we 
mention that [26| has argued that the orbifold points of t{z) = j^^{z) at z = 0, 1 correspond 



to the location of (p,q) 7-branes in a different conjugacy class-i.e. not related to the 
ordinary (1,0) 7-branes by an SL{2, Z) transformation. If so, it is possible to construct 
solutions with any value of Nf. However, some of these branes, if they exist at all, have 
negative mass, and their worldvolume dynamics is not well understood, so we will not 
consider them. 

In fact, it is clear that one can not have 24 L'7-branes on a compact (transverse) space, 
as there would be nowhere for the field lines to go. If some of the 7-branes are more general 
(p,q) 7-branes then we might avoid this inconsistency. By observing that r(z) is an elliptic 
fibration over a CF^ base, (ie. compactification of F-theory on K3), and noting that such a 
fibration has only 18 relevant complex moduli to vary, Vafa |2^ argued that there are only 
18 relative positions^ of 7-branes that can be varied. Even though we have 24 7-branes, 



^If one allows r to have nontrivial monodromy around z = oo, then it is possible to have other values 
of Nf that are divisible by only 3 or 2. However, this is accomplished by setting Zp — oo or Zi = oo. As 
a result, r is everywhere constant and equal to p or i. Thus these solutions are nonperturbative in nature 
and we do not consider them. 

^For the configurations we will consider, the f8 complex moduli are accounted for as follows. We have 
the positions of 4 OT-planes and 16 Z)7-branes, as well as the asymptotic value of the axidilaton, giving 21 
free complex parameters. However, 3 of the 7-brane positions can be fixed arbitrarily using the SL{2, C) 
coordinate transformations on CP^, leaving us with 18 physical moduli. 
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they are not perturbative 7-branes of a given string theory; rather each is a perturbative 
7-brane of some (p, q) theory. Near each one we can use a perturbative description of the 
(p, q) theory, but in going from one (p, q) theory to another, one may double count states- 
there is no globahy perturbative description in the generic case. It turns out that one can 
take at most 16 7-branes to be D-branes of a given {p,q) theory, say the (1,0) theory. 

This argument breaks down in the A'^^ = 6, 12 cases since the field lines can run off to 
infinity. Nonetheless, by examining the explicit solution, in say the Nf = 6 case, one can 
see that there are regions where e~* ~ 1. One can have at most four ordinary L'7-branes 
in a region of e~* << 1. A better description in the region of the other two 7-branes is in 
terms of 5L(2,Z) transformed 7-branes |Q. Similarly, in the Nf = 12 case, one can have 
at most 8 ordinary D7-branes. 

One can consider special configurations of 7-branes (in the compact or noncompact 
case) where the axidilaton is everywhere constant ||2^, |2^. These correspond to taking 
certain combinations of {p, q) branes coincident and can be classified by orbifold limits of 
K3. 

We will restrict attention to to those solutions that have a perturbative description in 
Qs- In the constant axidilaton case, with Nf 7-branes, such solutions correspond to Nf/6 
sets of 7-branes, each of which can be viewed as 4 ordinary D7-branes coincident with an 
07-plane. More precisely, the 07-plane is an 07~ plane, with a charge of —4 relative to 
a Z)7-brane, and such that the gauge group on the 407 + 07~ worldvolume is 50(8). r 
is everywhere constant and can take on any value; thus there exists a (7^ — > limit. Note, 
though, that even in this limit, the metric is nontrivial. It can be made locally flat, but 
globally it still has a deficit angle. The compact case is convincingly argued by Sen [^3| to 
be dual to Type I and heterotic with the gauge group broken to 50(32) — > 50(8)^. 

We will also consider deformations of these solutions obtained by pulling the 4 D7- 
branes off of the 07-plane. These solutions have a varying axidilaton. When this is done, 
the 07-plane splits nonperturbatively into two {p,q) branes. This was studied by Sen p3| , 
who related the moduli space of the system to that of M = 2 Seiberg-Witten theory with 
four fiavors |31]. The splitting can also be seen from the supergravity solutions of p6| . 
However, the region of strong coupling remains localized and is shielded by the four D7- 
branes. The string coupling remains small away from the system (and in the immediate 
vicinity of the D7-branes where T2 — > 00). By encircling it at a safe distance one can 
measure its charge to be that of an 07^ plane. Around this region of an "effective" 07- 
plane, the supergravity solution has monodromy = — 1. r is invariant under S'^. For 
the D3-brane modes, though, this will play a crucial role in the analysis. 



2.3 Strings, symmetries, and supersymmetries 

We have four kinds of strings: closed and 7-7, 3-3, and 3-7 open strings. The massless 
modes of the closed strings form the IIB supergravity multiplet in the bulk. The massless 
7-7 modes form an = 1, d = 8 hypermultiplet, consisting of one complex scalar, one 
Weyl fermion, and the gauge field, all in the adjoint of the gauge group. We denote these 
fields as 'ip^^'^\ A^f^a^ ) . For simplicity in the following discussion, we will focus on 
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one set of 4 D7's + 07 . Then if the 4 D7-branes are separated from the 07-plane, the 
gauge group is f7(4)j, while in the orientifold hmit it is enhanced to S0{8)f. 

2.3.1 3-3 strings, monodromy, and the color gauge group 

The story of the 3-3 strings is far more interesting. The massless modes form the famihar 
content of = 4 Super- Yang- Mih's: three complex scalars, four Weyl fermions and the 
gauge field. Following'^ the notation of [|^], we denote the field content as 

iM'^,i;\A^). (2.8) 

Here the superscript i, j = 1, . . . , 4 is an index in the 4 of SU{4:)ji while subscript i,j is 
an index in the 4. The three complex scalars have been packaged into an antisymmetric 
matrix M*-' = — M-^' that additionally has a reality constraint {M'-^)'^ = ^eijkiM'^'' = M^j. 
These fields are adjoint valued, but what is the gauge group? 

Normally one would expect the gauge group to be U{Nc) for Nc stacked branes, but 
what is the effect of the orientifold plane? Around the orientifold plane there is an SL(2, Z) 
monodromy S"^ = —1. This corresponds to the transformation 0(— 1)-^^ on closed string 
modes of the IIB theory, where Q is worldsheet orientation reversal and (—1)^^ flips the 
sign of all Ramond states on the left [^]. For the 3-3 strings it corresponds to which, for 
the massless modes amounts to complex conjugation of the U (Nc) representation and a 
action on the string wavefunction. For strings with Neumann boundary conditions the Z2 
action is —1, while for strings with Dirichlet boundary conditions it is +1. Hence, Q gives 
a —1 for the gauge field and a -|-1 for the scalars and fermions in addition to exchanging 
the Chan-Paton indices. Modes that propagate around the orientifold plane only come 
back to themselves up to this transformation. It is a discrete gauge symmetry and we 
would like to extend the U{Nc) group to include it. This can be done using the following 
construction.^ 

Automorphisms of the Lie algebra of U{Nc) consist of Zat^ transformations which 
are elements of U{Nc) and hence inner automorphisms, and a Z2 element which acts as 
a reflection of the Dynkin diagram and is not an element of U{Nc) and so is an outer 
automorphism. Using this Z2 element, which we will call a, one can construct a semi- 
direct product of U{Nc) with Z2, or a Z2 extension of U{Nc) which we will call U{Nc): 

1 ^ U{N,) ^ c7(Ay ^ ^ 1 . (2.9) 

In terms of group elements, let hi denote elements of U{Nc). We define a multiplication 
rule for elements {hi, a) by 

ih„a)ihj,a) = ihih*,l), (2.10) 

ih„a)ihj,l) = ihih*,a), (2.11) 

{hi,l){hj,a) = {hihj,a). (2.12) 

^Except that the fermions are in the 4 of S!7(4)_r and the supercharges are in the 4 in our conventions. 
^We thank G. Moore for explaining this to us. 
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One can easily check that this defines a group which we call U{Nc). 

Since we are going to consider string defects (the D3/07 intersections) in = 4 
SYM's with holonomy corresponding to a = 0,, we, according to the philosophy of discrete 
gauge symmetry, declare that our gauge group is H = U{Nc)- Furthermore, since a 
takes representations to their complex conjugates, we can view it as a generalized charge 
conjugation operator of the type studied in |35], and therefore strings with a holonomy 



should be thought of as Alice strings |32, 33 



In the presence of solitons there can be obstructions to the global extension of the local 
symmetry group H so that only some subgroup H C H is the group of globally well-defined 



symmetries p2[ |36| , |37| , pq ]. Following the discussion in Sec. 2 of [p9| ], a string in a theory 
with unbroken gauge group H and holonomy U {2tt) has a globally defined subgroup H 
which is the centralizer of U{2it) in H. For the strings considered here with U{2it) = a 
and H = U{Nc) this subgroup is the set of (h, s) £ H with s = l,a obeying 

{l,a){h,s) = {h,s){l,a) (2.13) 

which implies that h = h* . Since h G U{Nc), this implies that h"^ = h~^, that is that 
h G 0{Nc). Thus the globally defined group is if = 0{Nc) x (the product is now 
direct since a acts trivially on /i G 0{Nc)). Under this subgroup, the adjoint of U{Nc) 
decomposes into the symmetric plus antisymmetric tensor representation of 0{Nc). 

2.3.2 3-7 strings and preserved supersymmetry 

Consider the D7/D3 intersection. The number of Dirichlet-Neumann plus Neumann- 
Dirichlet directions is eight. The system is super symmetric, preserving 1/4 of the IIB 
supercharges; however, the NS zero-point energy is 1/2 so there are only Ramond ground 
states. After imposing the GSO projection, these form a single Weyl spinor of Spin{l, 1), 
transforming in the (N^, 4) of 0{Nc) x [/(4) j (or the (N^, 8) of 0{Nc) x S0{8) /). How can 
supersymmetry be preserved if the massless spectrum on the intersection has only fermionic 
degrees of freedom? The fermion must be a singlet under the supersymmetry action. We 
will take the fermion to be left-handed, denoting it ql. Then from the 1 -|- 1-dimensional 
point of view, the supersymmetry is M = (0,8); all of the supercharges are right-handed. 
We denote them by Qjn , . 

Finally, the ten-dimensional local Lorentz symmetry of IIB is broken down to SO{l, 1) x 
50(2) X S0{6) by this setup. The S0{2), corresponding to rotations in the plane transverse 
to the 7-branes, is only preserved in the maximally symmetric case where all DT-branes 
and 07-planes coincide. The transformation properties of the 3-3 modes, 3-7 modes, and 
supercharges under the full symmetry group are listed in Table ||. 



3. Anomalies, the effective action, and D3-brane zero-modes 

Having described the system we will be studying we would like to identify the zero-modes 
and hence the low-energy effective action describing massless excitations on the string 
intersection. We first present a puzzle, and then resolve it later using both an index theory 
calculation and an explicit construction of zero- modes. 
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50(1,1) X S0(2) X S0(6) 


O(iVc) X C/(4).(50(8)f) 




(0,0,6) 


(N?,l) 




(2'2''^) ~'~ (~2'~2'^) 


(N,M) 




(1,0,1), (0,±1,1) 


(N2,l) 




(io,i) 


(Nc,4(8)) 




V 2 ' 2 ' V 2 ' 2 ' / 


(1,1) 



Table 2: Transformation properties of _D3-brane and intersection massless modes and preserved 
supercharges. We specify the charges of the fields under the action of the Abehan groups and the 
dimensions of their representations for non-Abehan groups. 



3.1 An anomaly puzzle 

Let us first suppose that the four D7-branes are separated from the 07-plane. The chi- 
ral fermions, qi, localized at the DZjDl intersection have both gauge and gravitational 
anomalies. The well established mechanism of anomaly inflow from the and Z)7-branes 



cancels this zero- mode anomaly |17, 18, 19]; we will not review the details here. However, 
consider the -D3/07 intersection. There are (apparently) no zero- modes localized at the 
intersection~at least not from open string quantization. (Note also, this is an orientifold, 
not an orbifold-there are no twisted closed string sectors). On the other hand, there is 
inflow. 

The anomalous couplings on the iD3-branes and 07-plane |20, 22] are given by: 

wz = /" _ ^ . v^^n-ilW 



S^^ = '^\ NJJ^-G NY{D-if^ (3.1) 



S4 



5WZ = /fl / C8-GAy(07)W, (3.2) 



2 



where G is the sum of R-R form field strengths and the Y are characteristic polynomials 



y(D3) = c/.(F,) A J4^^^ , (3.3) 



V-(07) = . . (3,4) 

We are using standard conventions in the anomaly literature, where ^■n^ol = 1. This 
sets the IIB Dp-brane charge and the constant in front of the supergravity action to 
/Xp = (2k^q)~^ = 27r. The Op-plane charge is given by fi'p = — 2^~^^p. We are also 
using the descent notation for characteristic classes: Y — Yq = dY^^\ where Yq is the 
constant piece, and under a gauge transformation 5Y^'^^ = dY^^\ We write Chern classes 
without a subscript if they are evaluated in the fundamental representation, and will de- 
note the dimension of the representation in the subscript otherwise. L is the Hirzebruch 
L-polynomial and A the A-roof genus. They can be expanded in Pontryagin classes as 

Mr) = i-^Pi{R) + --- , 

Hm) = i + ^pi{R) + --- . (3.5) 
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Following the standard anomaly inflow analysis, the gauge variation of the action is given 
by 2tt times the integral over the intersection of the descent of an anomaly polynomial: 
= 27r//(i), where 

jinf.DS/07 ^ _^2k,Iq)^^{Y{D3)Y{07) + Y{07)Y{D3)) 
2[2tt) 

= 2{Y{D3)Y{07) + Y{07)Y{D3)). (3.6) 

Here, Y is given by conjugating the representation of the gauge group in Y, but this will not 
make a difference in our case. Since our intersection is two-dimensional, we are interested 
in the 4-form part 

it'f-'''/''' = 4c2(F,) + 4iV,(^_lpi(i?^^,) + ^p,iR^^,) + 

+^Pi(^tsb) - ^Pi(i?ivs8)) • (3.7) 

Let us decompose the ten-dimensional tangent bundle according to TM = TgQ^^i^i^ © 
^SO(6) © ^50(2)> and use pi{E © F) = pi{E) + pi{F) to arrive at 

C^-'"'/''' = Ac2iF,) - ^pi(Tso(i,i)) + fpi{Nsoi,)) - fpiiNsoi2))- (3.8) 



One may raise objections to this analysis. As we reviewed above, Sen ||23|] has shown 
that when separating the L'7-branes from the 07-plane, the region near the 07-plane has 
e~* ~ 1. Nonperturbative effects cause the 07-plane to be split into two SL{2, Z) trans- 
formed 7-branes. Nonetheless, if we circle around the region of strong coupling at a safe 
distance, where a perturbative description is valid, it "looks" just like an 07-plane-it has 
the same charge and induces the same SL{2, Z) monodromy on the spectrum. Further- 
more, one does not expect well-behaved corrections (perturbative or not) to alter the result 
of an anomaly computation. 

We can further demonstrate that there is something missing by considering the question 
of anomaly inflow and cancellation in the orientifold limit, where the D-branes and 0-plane 
coincide. In this limit, the string coupling is constant and can be taken arbitrarily small 
(to zero, in fact!). The inflow onto the intersection is now a sum of inflows from the D3/07 
intersection and the D3/D7 intersection. The D3/07 inflow is given above (|3.8| ). We now 
have an SO{8) gauge group on the L'7-branes; there are eight Z)7-branes counting their 
images. Note, though, with this counting, we must use the Type I charge fip^ = |/^p^^. 
We thus find 

jinf.D3/4D7 ^ -^(Y {D3)Y {D7) + Y{D7)Y{D3)), (3.9) 

with 



Y{D7) = cHF,)aJ^^^ (3.10) 
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and Y{D3) as before. Note the Chern form in Y{D7) is being evaluated in the 8^ of SO{8). 
We find the 4-form component of this to be 

jinf.DS/4D7 ^ _ N^^^^^^^ ^ ^p,{Tso(,,,)) (3.11) 

SO that the sum of inflows onto the orientifold intersection is given by 

Tinf.D3/4D7 , jinf.DZlOl , ^ ^ , , ,rr \ 

h +h = -^C2{Ff) + —{pi{Tsoil,l)) 

+PiiNsoi6)) - PiiNso(2)))- (3.12) 

Observe that the C2{Fc) anomaly cancels between the the D3/07 and D3/D7 inflows. 
This makes physical sense, of course. This term in the anomaly comes from two places: 
the coupling of tr(F^^)('') to Gi in the DS-brane action, and the gauge variation of Cs in 
the D7-brane and 07-plane action. But in the orientifold limit, Gi, or equivalently Gg, 
is no longer sourced because the R-R charge cancels locally between the D7-branes and 
07-plane. Thus, there is no Cg one-point coupling in + Sq^^ and so dGi = 0. 

There is also a contribution to the anomaly from the 3-7 strings localized on the 
intersection. These arc left-handed Wcyl fcrniions. The qL transform in the (Nc, 8) of 
0{Nc) X 50(8) as do the q\. However, in the orientifold limit, the qi and q\ are related 
by the orientifold projection. Worldsheet orientation reversal sends ql to g^, so only the 
linear combination ql + Q'^ survives.^ This produces an extra factor of 1/2 in the index 
formula for the zero- mode anomaly: SS^''^' = 2tt J (7^ "* )(^), with 

4 = lch^N^,8){Fc(BFf)AA{Tsoii,i))U 

= 4c2(Fc) + ^C2(F;) - ^p,{Tsoil,l)). (3.13) 

As expected, the zero- mode anomaly precisely cancels the D3/D7 inflow anomaly, and 
the D3/07 inflow remains uncancelled as before: 

jq _^ jinf.D3/4D7 _^ jZnf.D3/07 ^ jZnf.D3/07 

Clearly something is missing. As we will see, the correct resolution of this puzzle will 
depend on the value of Nf. First, however, let us give a more detailed description of this 
system that will be useful in the following. 

3.2 Low energy effective action 

In this section we would like to write down an effective action governing fluctuations of the 
system about the supergravity background discussed above. We will work in the low-energy 
limit a' — 0. In this limit the fluctuations of bulk and 7-brane modes decouple from the 
rest of the system, and we will not consider them further. 

®This 1/2 can also be understood as follows. Moving the £)7-branes to the 07-plane should not produce 

any new massless 3-7 modes. (There are no stretched strings to become massless as in the 7-7 case). Before 
moving the DTs to the 07 we had 2 • 4Nc 3-7 states. Now we still have 8Nc states. 
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The action for the 3-7 strings is 

S3-7 = d'xqj'i^^^iid^ -A^+ <')^(2)g . (3.15) 

The q have indices in the bi-fundamental of 0{Nc) x C/(4)/ (or 0{Nc) x SO{8)f) that are 
suppressed. After canonically normahzing the gauge fields one sees that the coupling to 
Aj^'^ vanishes as a' ^ and the flavor group becomes a global symmetry. For the 50(1, 1) 
gamma matrices we take 7^2^ = ia^ and 7^^2) = o"^, so that 7(2) = o"^, where the a* are Pauli 
matrices. Then L(^2)Q = ^{^ + <^^)q = {'1L,0)'^, so that 

^3-7 ^ ^ j^CPxq{{id. - A_)qL , (3.16) 

where d- = ^(Sq— 9i) etc. Thus, in our conventions, left-handed corresponds to left-moving 
in 1 -|- 1 dimensions, where by "left-moving" we really mean qi = qL{x~^). Using the fact 
that the qi are supersymmetry singlets, one can verify that, in standard Wess and Bagger 
notation, the subset of preserved M = 4, d = A supercharges is Q2, Q2j-> J = li • • • ) 4. These 
have the anticommutation relations 

{QlQ^^} = 2P.5i , (3.17) 

ie. they are right-handed. 

Next consider the 3-3 strings. We can obtain the low energy effective action by ex- 
panding S = S'dbi + -^wz in the background of nontrivial metric, dilaton, and axion. The 
bosonic part can be obtained by starting from the non-Abelian action given in [^0|, con- 
verting to Einstein frame, and keeping 0{a'^) terms. This procedure is straightforward 
and we will simply give the result. After converting to our notation we find 

Sl%- = -^l t^"x^trQe-*F™„F-" + iCoe™F„„Fp,+ 

+ ^V^MijV"'M'^ - ^e*[Mi„ Mh] [M'^,M^^^ , (3.18) 

where e*^^^^ = {—g)~^/'^. is the spacetime and gauge covariant derivative; acting on 
scalars it is simply 

VrnM'^ = d^M'^ + i[A^,M^^]. (3.19) 

One could rescale the scalar fields by M^^ — > e~*/^M'-' and identify gyM = 27re*. Then 
part of the action will have the standard J\f = A form, in a curved spacetime and with a 
spacetime dependent Qym ^"^^ ^-angle. However, the derivative on the scalars will also 
generate a coupling to if the dilaton is nonconstant. Thus the effective action is not 
quite what one might guess by naively generalizing the usual = 4 action. 

The fermionic Dp-brane actions in general bosonic supergravity backgrounds have been 



worked out very explicitly to quadratic order in fermions in [41|. They restricted attention 



''We assume that, in the compact case, there are no Wilson lines turned on. 
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to the Abelian case, but to quadratic order in 3-3 modes, one can trivially generalize to 
the non-Abelian case by adding a trace. In other words, their results are applicable up 
to three-point couplings of the fermions with the gauge field and the scalars. After some 
work, one reduces the general formula of [41|, in the case of D3-branes in a background 



metric, dilaton, and R-R 1-form field strength, to the following effective action: 

+0(^2^, ^^M). (3.20) 

This is an important result, and we give the details of the calculation in Appendix 
There are a couple of comments to be made. Dm is the spacetime covariant derivative. 

Dm = dm + ^UJab,m7'^'' , (3.21) 

where ujab,m is the usual spin connection associated with the metric. Qm is defined by 

Q„ = |f±^l . (3.22) 

This is the pullback over the spacetime of the Kahler connection Q = ^{drJCdr — dfJCdf) 
on the special Kahler manifold S'L(2, 1R)/C/(1), where /C = logr2 is the Kahler potential 
j26| ] . The coupling of the fermions to this connection will play a crucial role in the following. 

Later, we will also require the full fermionic action, including the three-point couplings 
to the gauge field and the scalars. These couplings can be deduced by using gauge invariance 
and requiring that the action reduce to the standard = 4 case when the axidilaton is 
constant. These considerations lead us to 

SLT- d'x^tT^^T2(^^^:a"'{Vm + lQrn)Li^'^ + 

+^(^{Li;y[{Lijy,Mi,] + {i;RU{ijR)j,M'^]^ |, (3.23) 

where Dm = Dm + i[Am, 



3.3 Zero-modes on the L'3-brane 

IIB string theory is believed to be a consistent, anomaly free theory. Therefore the anomaly 
puzzle indicates that (1) we don't have the proper anomalous couplings for this type of 
D-brane/O-plane intersection to give the correct anomaly infiow, and/or (2) we haven't 
accounted for all of the massless, chiral zero-modes localized on the intersection. Let us 
first investigate the latter possibility. 

3.3.1 The index calculation 

If there are more zero-modes, then they must come from the 3-3 strings. We have already 
accounted for the 3-7 strings, and the 7-7 and closed strings decouple, becoming free in the 
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a' ^ limit (while the anomaly inflow to the DZjOl intersection does not vanish in this 
limit). Let us analyze the effective action (3.20) with this in mind. 

Since the supergravity background depends only on the transverse coordinates z, z, it 
will be convenient to work with gamma matrices 7" = (7^, 7-, 7-) satisfying 

ah 



{7",/} = 2 



\ 



2 
2 



From the metric ds^ = riy^ydx^dx^ + e"'^^'^^dzdz, one deduces the vielbeins 



(3.24) 



(3.25) 



(Note that this implies = ^e^/^dZjCf = ^e^/^dz). From these it is straightforward to 
obtain 



(3.26) 



where we are using the shorthand d = dz,d = 82- 

Let us choose a basis for the gamma matrices that is convenient for the decomposition 
50(1,3) ^ 50(1,1) X S0{2): 



7/^ = 12® 7(^2) > 7-'- = (^^'^ ® 7(2) 



Note in particular that 



l-^T-^ 7(2) 



27(2) 




7- = 0-- 7(2) 



Then the fermionic action becomes 



S: 



ferm. 
3-3 



27r 



— / d'^XT2^/^tl['ll^iODiracLij 




V27(2) 0^ 

with 



7f2)^M 2e-«/2(Z), + iQ,)7(2) 

2e-'^/2(Dg + iQ,)7(2) 



7^2) 



Now choose the 7^^^ as before 



7(°2) = ' 7(^2) = 



7(2) = 0- 



Then we have 
L = 



L(2) 



R 



where L 



(2) 



(2) 



1 




R. 



(2) 




1 



(3.27) 
(3.28) 

(3.29) 
(3.30) 

(3.31) 
(3.32) 



Therefore we make the ansatz 



X^^^{x^',z,z) 
^R-ix^,z,z) 



f (i{x^^)U{z,z)\ 



\^],{x'^)Uz,z)J 



(3.33) 
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The ^ are one-component complex Weyl fermions in d = 1 + 1 dimensions, while the ± 
indicates the sign of the S0{2) charge, consistent with the decomposition 2 — > (^)+ + (— ^)_ 
under 50(1,3) — > S0{1, 1) x 50(2). Plugging all of this in, we are left with the action 

sir- = "i/ '^'^^2^/^tr(45-eii/+i'+ckke-'^/v;(i?. + ^Q.)/- 

HUi^-'^/'f-iD-. + lQ,)f+ + 45+ekl/-l') • (3.34) 

Thus we see that the number of left-moving, massless zero-modes is equal to the number 
of linearly independent, normalizable solutions to (Dg + )/+ = 0, while the number of 
right-moving zero-modes equals the number of normalizable solutions to {Dz + ^Qz)f~ = 0. 
We can construct the two-dimensional Euclidian Dirac operator and spinor: 

fQ^a^{D,+ '-Q,) + a'{D,+ '-Q,), ^ ^ ( ) ' ^^'^^^ 

Then the number of left-moving modes (solutions of TpqLf = 0) minus the number of 
right-moving modes (solutions of TpqRf = 0) is seen to be equal to the index 

ind(i|>Q)(i/2) = ^ / chiTq = --3- / {Tq) -,^,dzdz , (3.36) 

where {J-q)zz = dzQz — dzQz- But this integral can be easily evaluated. Recall that the 
supergravity equations of motion imply that r is an anti-holomorphic function, r = t{z). 
(See Footnote |l| for why we must take r anti-holomorphic instead of holomorphic) . Then 
one has 

djr + f) d{T - f ) 1 
Qz = i7Tj - = -—, - = -— 91ogr2, 3.37 



and so 



{J'Q)z-z = -dd\ogT2 . (3.39) 



Now, this is proportional to the volume element on the fundamental domain. Since it is a 
modular invariant, we can pull the integral over the complex plane back to an integral over 
Fq. Recalling that r(z) = j~^{f{z)) wraps the fundamental domain Nj times, we have 



m 



, if drdr iNj i f dTidT2 

d(^?'Q)(l/2) = -r- / 7—^dzdz - 



Fo ^2 

(3.40) 



4vr (r - f)2 A-K 2 

Nf vr Nf 
~ ' 3 ~ ~ 24 ■ 

This looks fractional except for the compact case, where Nj = 24. In fact, the form of 
the index theorem above ( ^.36 ) is only correct on compact manifolds. For the noncompact 



cases there is a surface term that must be properly accounted for 43, 44 1. 
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The index theorem we just used assumes that the zero-modes have periodic boundary 
conditions: /(e^'^*^, e^^'^*^) = f{z,z). However, recaU that the 3-3 modes should have a 
1,2 monodromy around the 07-planes, which acts by worldsheet orientation reversal. In 
terms of the globally preserved gauge group 0{Nc), we have fermions in the symmetric 
plus antisymmetric tensor reps: = -|- Thus there are two cases 

to consider. The states in the symmetric tensor representation should have a periodic 
wave function, while the states in the antisymmetric tensor representation should have 
an antiperiodic wave function. In this way the total state is single valued and thus well 
defined. 

This last point is somewhat subtle and deserves further comment. Away from the 07- 
plane the gauge group on the D3-branes is locally U{Nc). Thus one can, locally, distinguish 
between a typical fermionic fluctuation -0 and its conjugate ip. If we run ip around the 07- 
plane it will come back as tp, but the orientifold action does not locally constrain the space 
of states. The fermionic zero-mode is different, however. It is, in a sense, a global object; we 
will eventually solve for the explicit wavefunction f{z, z) and see that it is extended around 
the entire 07-plane. As we go around the 07-plane the state must be single valued and, 
therefore, must be invariant under the orientifold action. As a consequence, the zero-modes 
should only take values in 0{Nc). 

We have so far found that there arc Nf/24 right-handed zero-modes in the symmetric 
tensor representation of 0(Nc). Now, antiperiodic boundary conditions can be obtained 
from the periodic case by the singular gauge transformation ipp ^ ipa = ^~^^^'^'4'p, where 
9{z) = Arg{z) is the azimuthal coordinate. (The sign was determined from the fact that the 
periodic zero-mode has SO{2) charge —1/2). Note, though, that we require antiperiodicity 
around all of the 07-planes. If there are Nf/6 07-planes located at positions^ Zqj, then 
the appropriate gauge parameter is a = ^{9i + • • • + 6Nf/(>)^ where 0^ = 9{z — Zqj)- This 
corresponds to the transformation — > |(5 — ^{dOi -\- ■ ■ ■ + dOj^^jo). This is a singular 
transformation because "d^^'V 0- It gives a contribution to the field strength localized at 
the Zq)^. We have 

'm.dantisymX^'P q){1/2) = ^^dsym{'ipQ){l/2) ~ 2^ J 2*^^^^^ ^"^^Nf/e) 



1 

6 

Nf Nf 



md,ym{ipQ)ii/2) + if = ^ ■ (3-41) 

Thus, in the compact case, there is one left-handed zero-mode, in the antisymmetric tensor 
representation of 0{Nc). 

We have been implicitly considering the generic case, where the D7-branes are sepa- 
rated from the 07-planes, so that the axidilaton is varying. In the orientifold limit, where 



®Away from the orientifold limit, there are not really 07-planes located at specific points Zq^. However, 
there are regions of strong coupling that can be made relatively small and thought of as composite 07- 
planes. If wc only consider loops that go entirely around these regions, they can be approximated as 

07-planes at locations ZqI. 
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r becomes constant, one might rashly conclude that the index vanishes. However, as we 
bring the D7-branes towards the 07-plane, we are bringing a region where r — > zoo near 
a region where r ~ 0{1). This corresponds to (9r ^ oo in the vicinity of the branes while 
df ^ away from them. Thus it appears that J^q is becoming (5-function localized in 
such a way that the index is preserved. This argument is heuristic. On the other hand, 
it is born out by an explicit perturbative string theory analysis of the zero-modes in the 
orientifold limit. 

Let us now briefly review the orientifold limit of the A'^^ = 24 system and its well 
known dual descriptions, as it will be useful in the following. Note also that we will be 
focusing on the compact case exclusively in the next few subsections, and we will return 



to the noncompact cases at the end of section 3.5. 



3.3.2 String dualities and the orientifold limit 

The orientifold limit corresponds to an orbifold limit of the CF^ where it becomes equiv- 
alent to T^/Z2. The easiest way to see the zero-modes is by doing T-duality along both 
directions of the torus. Note that T-duality is a perturbative symmetry of string theory, 
and so maps zero- modes to zero- modes. The D3/D7-07 intersection is mapped to Nc 
Dl-strings in Type I on R^''' x T^. The 3-7 strings are mapped to 1-9 strings, while the 
-D3-brane zero-modes are mapped to the massless excitations of 1-1 strings. 

The 1 + 1-dimensional theory of massless modes on the worldsheet of Nc coincident Dl- 
strings in Type I has been well studied in the context of Type I/heterotic duality p5|, and 



heterotic matrix strings [46, 47, 48, 49|. It is a theory with (0,8) supersymmetry, 0{Nc) 
gauge group, SO{8)r R-symmetry group, and it is uniquely specified by the Yang-Mills 
coupling gi. The action is 

9i J 

(3.42) 

The transformation properties of the field content under the gauge and global symmetries 
are given in Table ^. The supersymmetry variations can be found in |46]. We have = 
+ i[afj,, ], with a 1 + 1-dimensional gauge field, (a^, A^) is a gauge multiplet in 
the antisymmetric (adjoint) representation of 0{Nc) and {X^Or) is a hypermultiplet in 
the symmetric tensor representation. The x s-^'s the supersymmetry singlets coming from 
1-9 strings. Xl,Gr are self-conjugate spinors in the 8^ and 8c of S0{8)r respectively; 
the subscripts refer to their worldsheet chirality. C is the charge conjugation matrix of 
SO{8) acting on both Weyl representations, and the are Clebsch-Gordan coefficients for 
8s X 8c ^ 8^, with / an index in the 8^. 

In Table § we also indicate the zero- modes in the D3/D7-07 system that are T-dual 
to the Type I Dl-string modes. Note that the assignments = (Cl^^u)' ~ i^R^^Ri) 
are consistent with the decompositions 8^ ^ 4_|_ + 4_ and 8c — > 4_ + 4+ under SO (8) — > 
SO{6) X S0{2). Futhermore, since the ^ only take values in 0{Nc) the gauge representation 
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assignments of \l,Gr make sense. The relations and ^ {Az, Ag, M^^) are 

standard from T-duality. They do indicate to us, though, that away from the orientifold 
hmit we should expect these (nonchiral) bosonic zero-modes as well. 





Dl 

modes 


T-dual modes 


50(1,1) 
xS0{8)r 


O(iVc) X 50(32) 


gauge 


«M 
Al 


A, 

a ©a. 


(1,1) 

(1/2,8,) 




hyper 


X' 
0R 


{A,,A,,M'^) 

© Cm 


(0,8,) 

(-1/2, 8e) 




hyper 


XL 


qL 


(1/2,1) 


(N„32) 



Table 3: Field content of Type I Dl-string worldsheet theory and the corresponding T-dual modes 
in the D3/D7-07 Type IIB orientifold theory. 

We will explicitly construct and verify all of these zero-modes in the general super- 



gravity background away from the orientifold limit in section |3.5| . Having deduced the 
existence of the 3-3 chiral fermionic zero-modes in the general case from index theory, let 
us first return to the anomaly puzzle and try to resolve it. 

3.4 Anomaly cancellation in the compact case 

We saw in section |3.1| that the zero- mode anomaly from the 3-7 strings, ql, cancels the 



anomaly inflow onto the D3/D7 intersection. Now let us consider the anomalies of the 3-3 
zero-modes. Recall that the classically preserved symmetries of the system (and hence the 
ones that are potentially anomalous) are 



S0{1, 1) X S0{6) X O(iVc) X Gf , 



(3.43) 



where S0{1, 1) is the structure group of the tangent bundle of the intersection string, 
Tgo{i,i), SO{6) is the structure group of the normal bundle, N^q^^q-^, of the string in IR}''^, 
0{Nc) is the globally preserved gauge group of the L>3-branes after taking into account 
the "Alice string" projection, and Gf is the gauge group of the 7-branes. The 3-3 zero- 
modes transform under these symmetries as indicated in the previous section. Hence the 
associated anomaly polynomials are 



-'4 



l:ChS{Nso(6)) Ac/l Nc(Nc-i) (-Fc) Ai(rso(i,i))|4 , 

/ 2 

-\chS{Nso(6)) A c/t Ne(Nc+i) (Fc) A A{Tso{i,i))\a 



where ^(A^) denotes the spinor bundle of N. We can evaluate these explicitly using 

Nc{N, - 1 



+ (iVc-2)c2(Fe) + 



c/i N.(N.+i) (F,) = ^"^^^ + + (iV, + 2)C2(F,) + 

2 Z 

chS{Nso(6)) = 8 + pi{Nso(6)) + ■ ■ ■ 



(3.44) 
(3.45) 

(3.46) 

(3.47) 
(3.48) 
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to find 



It = ^^^^MN) + 4(A^. - 2)c.(F.) - MI_n,,(T), (3.49) 
4" = -^^^^MN) - UN. + 2)..(ft) + (3.50) 
Adding these together gives 

/f + /f = -^p,{NsoiG)) + Y^Pi(rso(i,i)) - 16c2(F,). (3.51) 

Observe that this is precisely equal and opposite to four times the inflow onto the inter- 
section of the L>3-branes with an 07-plane 



(We are ignoring the SO (2) term in the inflow because it is not a symmetry of the config- 
uration we are considering). In the compact case, there are indeed four 07-planes. Thus 
anomaly cancellation can be achieved if the 3-3 zero-modes are symmetrically localized 
on each of the 07-planes, such that their net anomaly is divided equally in four ways. 
Studying the question of localization requires some knowledge of the explicit zero-mode 
wavefunctions. Let us now turn to their construction. 

3.5 Explicit zero-mode solutions 

Using the effective action presented in Section |3.2| , one can explicitly solve for both the 
bosonic and fermionic zero- modes in the general case, away from the orientifold limit. One 
does indeed find unique solutions with the appropriate quantum numbers, corresponding 
to the content in Table |^. The analysis is detailed and the arguments are subtle at some 
points, so we feel it is best to leave the explicit computations to the appendix. Here we 
will emphasize one key point that is crucial to the analysis, and we present the results in 
Table g 

The general strategy for finding massless modes localized along the D3/07 intersection 
is straightforward. One makes the ansatz = <j){x^)y{z, z), where is some L'3-brane 
field, and solves for y such that the 3 + 1-dimensional equation of motion for is reduced 
to a 1 + 1-dimensional wave equation for (j){x^). One easily obtains the general solution 
for y{z,z) in all cases. The powerful tool that allows us to find a unique solution is the 
requirement of S'L(2,Z) covariance. Generically, y solves an equation Cy = and the 
operator C depends on the axidilaton r. In the supergravity background r undergoes 
various SL{2, %) monodromies around closed loops, and thus so does C, C ^ C . However, 
since the background was constructed by gauging SL{2,'E), it follows that y must also 
transform in such a way that the equation of motion is invariant: Cy = <^=^ Cy' = 0. 
Requiring that y transforms appropriately allows us to fix a unique solution. Note that 
there is also the requirement that <j){x^) be normalizable to represent a zero-mode. It is a 
nontrivial check that the y we fix by SL{2, Z) covariance lead to an action that has finite 
integral over the transverse CF^. 
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Dl content 


zero- 


mode 


gauge field 


A_ 


= c+a+(x^) 
= ^a_(x^) 




A, 




scalars 


Az 










fermions „ ^ 1^ ® If* 


f+ - 
f- - 





Table 4: The 3-3 string zero-modes. g{z) is the holomorphic function appearing in the metric, 
g{z) = f]'^ {t{z)) / {Y[^^i{z — z^^y/^'^) , and the c are normahzation constants to be determined. The 
that relate AP^ and are the SU{4) Clebsch-Gordan coefficients. 



Now that we have the explicit 3-3 fermion zero-modes in hand, let us return to the 
question of anomaly cancellation one more time. Globally, there is no question; the chiral 
zero-modes found above have the right Lorentz and gauge quantum numbers to cancel the 
anomaly inflow associated with the intersection of the Nc Z)3-branes with the 4 07-planes. 
The issue is whether the anomaly cancellation takes place locally. Let us first suppose that 
we are away from the orientifold limit. The zero- mode solutions are not really localized at 
the intersection of the Z)3-branes with an 07-plane, as there is no 07-plane. On the other 
hand, the solutions are localized symmetrically around the four sets of 4D7 -|- 07's. One 
can really say no more of the D3/07 inflow calculation either. The most we can say with 
what has been presented so far is that the calculations-zero-modes and anomaly inflow-are 
at least consistent with local anomaly cancellation. 

We claim that the solutions presented above correctly give the zero-mode wavefunc- 
tions, even in the region of strong coupling. This is because they were uniquely fixed by 
considerations in the perturbative region, where we know our analysis is valid. On the other 
hand, we know that the anomalous couplings on the L)7-brane and 07-plane that we used, 
(3.10), (3.4), do receive corrections in the local string coupling r. The exact couplings are 



known, to some extent, thanks to the Heterotic/Type I duality. See for instance [^] and 
references therein. It would be interesting to see if completely local anomaly cancellation 
could be verified using these results, but we will not pursue this here. 

Let us make a few comments about the orientifold limit. The axidilaton becomes 
constant, so the connection Qm is trivial. There is, however, still an 5^ monodromy 
around each of the 07-planes, and the metric is nontrivial. It has the same form, where 
we replace 

24 4 

U(^-&^''^U(^-^l,1)'^'- (3.53) 

n=l k=l 

In fact, the solutions we derived above for the zero-modes are still valid in this limit. They 
solve the equations of motion, have the correct monodromies, and are normalizable. The 
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factors of T2 and r;(r) are now simply constants. Hence, in this limit, we clearly see that 

(k) 

the zero-modes are symmetrically localized at the ZqJ^. This of course is in agreement with 
what one finds from a standard perturbative string calculation of the zero-modes in this 
limit. 

Finally, let us briefly return to the noncompact cases, Nf = 6, 12. We remarked 
at the end of the index computation that, on noncompact spaces, there is in general a 
boundary term contribution to the index. The boundary is the surface at infinity, and this 
contribution can be nonzero if the gauge configuration [Qm in our case) does not fall off 
fast enough. We expect that this will be the situation for us. In the Nf = 6, 12 cases, Qm 
has nontrivial monodromy^ around z = 00 and so 7^ 0. When properly accounted 

for, we expect that the boundary contribution will cancel the bulk result in both cases, so 
that the index vanishes. 

This expectation can be verified by explicit examination of the candidate zero-modes. 
Proceeding as before, the general solutions for the transverse wavefunctions would be of 
the same form and we would impose the same conditions from SL{2, Z) covariance. This 
would uniquely fix candidate solutions-they would be the same ones as in Table ^, but with 
the "24" in g{z) replaced by a "6" or "12." Then one quickly sees, following the analysis 
in the next section, that these solutions fail to be normalizable. Thus one can show, by 
direct computation, that there are no zero-modes. 

We have argued that the index can be consistent with this, but what about anomaly 
cancellation? If there are no 3-3 string zero-modes in the noncompact cases, what does 
one make of the anomaly inflow onto the DZjOl intersection in these cases? There must 
be anomalous boundary WZ couplings for Z)p-branes extended in noncompact spaces. We 
conclude that these terms must be present here and give a cancelling contribution to the 
anomaly inflow, though we do not perform the explicit computation. It is amusing to note 
that if one were to take the fractional result of the bulk index computation and conclude 
that there is a "fourth of a zero-mode" or "half of a zero-mode" in the N j = 6, 12 cases, 
then the corresponding anomalies, ^/^^-^ or ^J^^-^, would cancel the "bulk" inflow onto the 
intersection of the Z)3-branes with one or two 07-planes respectively. This is an example 
where the bulk contribution to the index matches with the bulk contribution to the inflow, 
and thus the boundary contribution to each must match as well. 



4. Application: moduli dependence of the heterotic string coupling 

In this section we evaluate the 3-3 string effective action, given in and (|]2|), on 

the zero-mode solutions found above, and integrate over the transverse CF^ to obtain the 
1 + 1-dimensional theory. When combined with the 3-7 string action, ( |3.16| ), the result 



should be the Dl-string worldsheet theory (3.42). However, since we have the explicit 



^This is nicely shown in the analysis of |2^]. Referring to the bottom figure on page 26 of that paper, 
each set of 4D7 + 07's has a point Zi associated with it, about which there is SL{2, 'Z) monodromy . In 
the noncompact cases these Zi are taken to infinity. Then there will be a monodromy of or around 
2; = 00 in the Nf — 6,12 cases respectively. Qm transforms under the double cover of SL{2,'Z), (see 
Appendix H), and so will have monodromy Qm — > iQm, — Qm respectively. 
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zero-modes, we will be able to carry out this procedure in the general case, away from 
the orientifold limit. Thus we will learn how the Dl-string Yang- Mills coupling, and by 
Heterotic/Type I duality, the heterotic string coupling, depend on the moduli Zjoo- 

The strategy will be the following. We will fix the normalization constants by canon- 
ically normalizing the /x-direction kinetic terms in the 3-3 string effective action. Then 
integrating the 3- and 4-point couplings over the CF^ will give us the coupling gi{zioo)- It 
will be a very nontrivial check that all of these coefficients can be expressed in terms of a 
single gi. 

Let us begin with the gauge field action. We momentarily employ indices i,j to run 
over z,z. Simply by writing Am = {A^,Ai), integrating the Chern-Simons-like term by 
parts, and using dr = 0, one can show 



= -^J d'^rsV^tr^F^.F^'^ + ^V^A^V^A' + ^F,,r^ + 

+^{d^A^d'Af' + 2d^A^[A\A^]) + ^ef'''A^e'^{2iQi)VjA,^ . (4.1) 

Evaluating this on the zero-mode solutions in Table ^ completely kills the last line, including 
the 3-point couplings, and reduces FijF^^ —[Ai, Aj][A^ , A^. Hence one is left with 

L J d\T2^giT(^^F^uF^^ + \v,A,V^^A' --^[Ai,A,\[A\Ai] 



Canonically normalizing the kinetic terms leads to 



(4.2) 



1 Vh 1 / X 

c+ = —1 > = ' (4-3) 



where 

— i f — i f 

vol^-pi = — / dzdze"" , Ii = — / dzdz — . (4.4) 

We then nontrivially find that all the 3-point couplings have coefficient gi and all the 
4-point couplings have coefficient g^, where 



9. = ^. (4.5) 



Thus, the gauge field action reduces to 



^"Actually, canonically normalizing the kinetic terms for a+, a_ only fixes the product c+c_ = {vol^-pi)~^ . 
We require that the coefficients of the 3-point couplings a+[a+,a_] and a_[a+,a_] be the same in order to 
fix them individually. 
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with -F(2)^j, = d^a^ - d^Uf, + igi[a^, a^] and V(^2)ti = d^ + igi[ 



on the zero-mode solution and find the normalization constants 



The rest of the bosonic Lagrangian is ^(PmAfjj)^ — '^[^^ij i ^ki]'^ ■ We evaluate this 

(4.7) 



Then the 3- and 4-point couplings take the expected form with g\ given in (|4.q ) . Thus the 
action for the scalars reduces to 

Sii = -^l d'xtrQ(P(2)^X-)2 - - ^l[X-,xP]'y (4.8) 

Adding Si and Sji gives the bosonic part of the 3-3 zero-mode action 

Sl^H^.m. = -^l d2xtr(lF(2),.F(^,; + l(P(2),X^)2-|[X^X^]2). (4.9) 

Now we move to the 3-3 effective fermionic action. First consider the tp^'^iVm + 
^Qm)Lip term evaluated on the zero-mode solution. We find 



'2^ 



where, recall, 



hi/;/_e-'^/24[A„ey+^/I/+e-'^/24[A„ei]), (4.10) 



Canonically normalizing the kinetic terms we find 



CA = , , ce = , (4.12) 

•y/fOfcpi V-'2 



where 



2 



I2 = / dzdzT2e'' . (4.13) 
'c 



Then we find that the coefficients of the ^|^-a_^^ and ^I^O'+Cr terms are both gi. However, 
the coefficients of the Yukawa terms, ■^I^J^^, C/j] ^-^d its conjugate, are both 

.; = ^. (4.14) 
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We will address this difference shortly, but let us first finish the dimensional reduction. 
The last terms are the Yukawa couplings of the fermions to the scalars M^K Plugging in 
the zero-mode solutions and integrating over the transverse space leads to 



— j d*xV^V^tr(^(LV')1(W,^d + (V'^)i[(V'i?)i,M'^] 

= "i/ ^'^tr^^lpSeUC^,^"] +5l/>°^^'4[4'^"])- (4.15) 

These terms also have the coupling constant g'l instead of gi. Hence, after some slight 
rearranging, we obtain 

si%Tm. = "i/ rf'^tr(eia2)-ei+4^(2)+e)j + ^5i4[ek,^i 

(4.16) 

for the 3-3 fermionic zero-mode action. 

In order to put this action in an 50(8) invariant form, we take a brief detour through 
some gamma matrix definitions. Consider the embedding of S0(6) gamma matrices 7° 
into 5*0(8) gamma matrices according to 

ri = a2®i8, r2 = (ji®7, r2+° = (Ti®7", (4.17) 

where 7 = —i^^ • • • 7^. It is straightforward to show that f = = o"^ Ig, so that the 
5*0(8) Dirac spinor decomposes as ^' = (8s,8c)"^. Then we define by 



r' = . : . (4.18) 




It is clear that these may be viewed as Clebsch-Gordan coefficients for 8s x 8c ^ 8^,. Now, 
the 7" in turn may be represented using the 5C/(4) Clebsch-Gordan coefficients, 

where, recalling the reality constraint, pf- = (p"*-')^ = ^^^ijkip"^^^ ■ The also satisfy a 
normalization condition p"'^-' Pjj. + P^^^ P^^ ~ 2(5*^5"^; this ensures that the 7" satisfy the 
Clifford algebra. A specific choice for the /?" exists such that 7 = o"^ I4, and the 50(6) 
charge conjugation matrix C, satisfying C'~^7°C' = —7"^, C'^ = C* = C, is given by 
C = 0"^ ® I4. This is the charge conjugation matrix that appears in ( p. 42 ). The 50(8) 
charge conjugation matrix may be taken as C = I2 C 
From these results it follows that 

(4.20) 
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are Weyl spinors in the 8s, 8c respectively and both self-conjugate, = CXl,0*j^ = COr. 
It is also straightforward to show that ( 4.16| ) may be written as 



^lir™. = "i/ d'xtr(^AlOT(2)_Ai + 0gCP(2)+0ij + 2<7iAlCa^[0^,X^]). 

(4.21) 

Now observe that after summing the bosonic and fermionic zero-mode actions, and the 
3-7 action, ( |4.9| ),( ^^ ),( |3.16| ), and rescaling the gauge multiplet (A^jO^) — > ^(AL,a^), we 
obtain the Dl-string worldsheet action ( |3.42| ), if and only if the two couplings gi,g'i are 
the same: 

Sfjz.m. + 5*3-31^. + 'S'3-7 = Sdi gi = g'l ■ (4.22) 



It is well known that the (0, 8) theory (|3.42| ) is completely specified by the gauge coupling. 
If the Yukawa term X9X had a different coefficient, supersymmetry would be broken. On 
the other hand, we know that the general background we have been studying preserves 
these 8 supercharges. Hence it must in fact be the case that gi = g'l- Let us rephrase this 
equality slightly. Let us define the average of a quantity over the CF^ as 

^ = r W2 a ■ (4-23) 

Then we have 

9l = ^, 9? = ^ (4.24) 

and the claim is that (rg^^) = (t2)~^. In the general case (general elliptically fibered K3), r 
is a very complicated function on the base CF^. We do not know how to do either of these 
integrals or why this should be true, yet supersymmetry leads us to conjecture that it is 
so! Note, however, that in the orientifold limit, where T2 becomes constant, it is trivially 
true. 

Now, from the Dl-string point of view, 2TTgf is, by definition, the square of the Dl- 
brane Yang-Mills coupling, which is proportional to the Type I string coupling ggj. We 
have gf = (7s,7/(4vr^a'). On the other hand, equation ( |4.24D is giving gf as a function of 
of the 7-brane, or F-theory on K3 moduli {zioo, gs,i'), (where gsj' = lim^^^oo T2^^)- Thus, 
our result gives part of the map between moduli spaces of Type I on and F-theory on 
K3. The duality of these two theories is argued by going to a special point in the moduli 
space, corresponding to the orientifold limit of the 7-brane system, where they are T-dual. 
It is easy to check that our result reduces to the well known map there. In the orientifold 
limit, T2 = l/^s,/' = const and CF^ becomes a torus. Thus our result follows easily from 



the usual relations [45| 



Ri',iRi',2 _ Ri,iRi,2 p _ J^' 

all' ah R 



2 - 2 ' = IT- ■ (4-25) 
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In the orientifold limit, it is also possible to explicitly evaluate uo/igpi, and hence gf, 
as a function of the four Zq^. In fact, one can use the SL{2,<C) coordinate freedom to 
conveniently fix three of the 07-plane locations. If one takes {zqj, . . . , Zq^) = {0,z* ,1, oo), 
with z* arbitrary, then the result [^] is 

vol^pi = Im[ ^ \ . (4.26) 

There is also much evidence for the conjectured strong/weak duality between heterotic 
and Type I, where the coupling constants are related by Qg^h = l/s's,/- Indeed, it is 
convincingly argued in |^, ^] that the Dl-string theory ( 3.42| ) flows to a strong-coupling 



superconformal fixed point, corresponding to fundamental heterotic strings on a certain 
orbifold space. Thus we learn how the heterotic string coupling depends on the F-theory 
moduli. 

This is part of the map between the moduli spaces of F-theory compactified on an 
elliptically fibered K3 and heterotic compactified on . It has been proven in [^2| that the 
classical moduli spaces of these two theories are isomorphic. They showed that both have 
the structure of a certain holomorphic C* fibration, which leads to a natural isomorphism 
between the two spaces. The classical moduli spaces should well approximate the full 
(quantum) moduli spaces in regions where the quantum effects are negligible. These regions 
correspond to large volume on the heterotic side and being near the orientifold limit on the 
F-theory side. This is precisely the regime where our analysis is valid. We required /' 



small in order to have a field theory description of the DS-branes. Combining ( 4.25 ) with 

1/2 

the Type I/heterotic relation Rj^i = Rh,i9g j implies that 

5^'^' = p • (4-28) 

Thus gs I' small does correspond to the volume of the heterotic torus being large. 



Our map should agree with the one presented in |52]. However, their parametrization 
of the F-theory moduli space is in terms of periods of the holomorphic two-form on the 
K3. It would be interesting to explore the relation between these two parametrizations. 

Finally, the map of [|5^ is more complete, as it specifies how the rest of the heterotic 
string moduli, namely the Wilson lines, depend on the K3 data. Indeed, we have neglected 
a term in our effective action. Recall that the heterotic sigma model action in a general 
background with nontrivial gauge field has a coupling of the current algebra fermions to 
the pullback of the gauge field to the worldsheet, roughly XdXAX. There should be a 
corresponding term in the Dl-string action, which would involve a coupling of the x to the 

and the background Z)7-brane gauge field. This term would be present if the gauge field 
has nontrivial Wilson lines, and so it should be present for us since, roughly, the Wilson 
lines correspond to the location of the D7-branes. One should be able to derive this term 
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in the D3/ D7-07 picture by computing a disk amplitude with one 3-3, one 7-7, and two 
3-7 boundary vertex operators. It would be interesting to do this and see if one can derive 
the full map of F-theory and heterotic moduli spaces. 



5. Discussion 



In this paper we have have studied in detail the structure of Z)3-branes intersecting D7- 
branes and 07-planes in 1 + 1-dimensions. We used anomaly arguments, index theory, and 
an explicit construction of the zero-modes to show that the i53-brane in this background 
has zero-modes which are localized near the 07-planes and, in the compact case, fill out 
the multiplets which gives rise to the zero-modes of the heterotic matrix string. Our 
results explicitly show that the Z)3-brane zero-modes are not present in the noncompact 
cases. In the compact case, by evaluating the L'3-brane effective action on the zero-modes 
and integrating over the space transverse to the D7-branes and 07-planes, we obtained 
the 1 + 1-dimensional theory of Nc coincident Dl-strings in Type I. By carrying out this 
procedure away from the orientifold limit, we learned how the Type I string coupling, and 
by Type I/heterotic duality, the heterotic string coupling depend on the 7-brane moduli, 
or equivalently the moduli of F-theory compactified on K3. 

In work to appear we plan to study this system at strong 't Hooft coupling where it 
is described by supergravity on AdS^, in particular by F-theory on AdS^ x x K3. This 
provides an explicit AdS^ dual of the world-sheet CFT of Nc heterotic strings, albeit at 
strong string coupling, and should be a useful tool in trying to resolve some of the puzzles 



raised recently concerning the structure of this duality [^J, 57, AdS/CFT duals of 

matrix string theory have been discussed previously in |5c 
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A. D3-brane fermionic effective action 



We begin with the action 



gferm. = 'I^ j d'i^gi.[y{l - t o,){e-'' "t^ - A)y) . (A.l) 

Let us review what these various quantities are, following |41]. We denote by m, n, . . . and 
a,b, . . . world volume/tangent space indices along the brane, and M, N, . . ., A, B , . . . denote 
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spacetime/tangent space indices in the bulk. We have 

V=(''). (A.2) 




where yi,y2 are each 32-component d = 10 spinors, satisfying Majorana and Weyl con- 
straints, both of the same chirahty. Also, 

f ^ = ("o^a) = ^2 ^^ f = ( _f ) = ^ (A.3) 

where are the d = W gamma matrices and T the generalized "7^." is given by 

f D3 = -ia^ ® -^e^'-'^^r^,...m, , (A.4) 

where = 1 and Tmi-nn ='^[mi - ■■ '^m^- i(l - f ds) is a kappa symmetry projection 
operator that will remove half of the degrees of freedom. Finally, Dm and A are given by 



Dm = I2 (S) dI^^ + (S)Wm , A = I2 A(i) + ® A(2) , (A.5) 



where 



-^(1,2)M 


= dM 


1/ 

+ ^ 1 ^^AB,M + 


^(1,2)M 






^(1,2) 


1 

= -e 
2 




^(2) 


1 

= ±- 
2 


g3<I./4g(l)rA ^ 



^r^B,Mjr^^ = -DM , (A.6) 
e*/^rM , (A.7) 

(A.8) 
(A.9) 

The subscript (1,2) is correlated with the sign. If the operator acts on yi the top sign is 
chosen, if it acts on 7/2 the bottom sign is chosen. 

One important step has already been taken relative to the formulae presented in |El|. 
Their results are given in string frame and we have converted to Einstein frame using g\,f j^ = 
^^^'^9mn- terms of the vielbeins and inverse vielbeins, e^''^"^^^ = e^/'^e^^'^^ and E^^^^^ = 
g_$/4^(e)Af^ Thus, for instance, one has r(«)*^ = e-^'^T^^^^ and G^^^^ = e-^/^G^^'^ 
The projector Fds is unchanged; the transformation of the vielbeins in Tmx-m4, cancels 
the factor coming from y/—g in the denominator. Finally, it can be shown that the spin 
connection gets modified: j^^^ = uj^^b m + i''"AB M' where tab,m is defined through 

'Tab,c '^i,\.a,bc ~l~ Xb,ca Xc,ab ) , (A.IO) 



with Xa,bc = -Xa,cb given by 



d^Aea = ^Xa,bce^ A e'' . (A.ll) 
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Now let us simplify this action. We have 

"I g''! . . . 

^mi---m4"n ™i "^4 _mi---m4"p t „'T^ 

,| ; £ ■l-mi-m4 — ,| ; £ i ai-a4 — -L 0123 = -U (4) 5 

4'v ~5 ^■\/~9 



(A.12) 



where we've defined r(4) = —iV-"- which anticommutes with all of the T°- and squares to 
one. Thus 

Using the fact that the background supergravity fields only depend on directions tangent 
to the brane worldvolume, we eventually find 

(pm n 1pm a ^ l„$/^(l)pa \ 

? I , • (A.14) 



Then one can show 



= e-^/^M , (A.15) 

where 



*». = C„--a„*-^e»GWf(4). (A.16) 



Now consider the unitary change of variables y = Uy given by 



mj V2\ r(4) i^{A) J \y2 



(A.17) 



Then observe that 



.....-(~-r.,^^^^o^_J^_^. ,,,,, 

Therefore yMy = yMy- Now note that, if yi,y2 are both left-handed, then yi = f (4)(yi + 
iy2) and y2 = f (4)(j/i — iy2) are also both left-handed since r(4) commutes with T. On the 
other hand, if the original yi,y2 are each separately Majorana, yi = Cyf and y2 = CyJ, 
we now have that Cyf = ±^2 and CyJ = with the sign depending on whether r(4) 
commutes or anticommutes with C(T^)'^. 

Now let us pick a convenient basis for the T"^ and dimensionally reduce to d = 4. Let 

r°'-'3 = Ig (g) /'-..a ^ r4,...,9 ^ pi,...,6 ^ - ^ (-^_;l9) 

where 

= 2?7"*l4 , {p",/} = 25"^l8 (A.20) 
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are d = 4 Minkowski and d = 6 Euclidian gamma matrices respectively. There exists a nice 
basis^^ for the /?" such that the four-dimensional Weyl projector and charge conjugation 
matrix are related the their ten-dimensional counterparts by 

iao)=f'^^'^(^) ' ], C=( ' ^^^^V (A.21) 

\ I4 i?(4) J \U<^c J ^ ' 

Then, writing 

yi=\ 1, y2=\ 1 (A.22) 





with i = 1, . . . 4 the SC/(4)^ index and each ip^,Xi a d = 4 four-component spinor, one sees 
that the ten-dimensional Weyl and Major ana conditions reduce to 



^^(^'2) = ^(^'2) and '"tw = m (A.23) 

RX{1,2) = X(l,2) ^0(2) = 

Recalling the form of M, and noting that f (4) = Ig 7, one now sees that -0(1) and X{2) 
are projected out. This is the K-projection working. The action boils down to 

(A.24) 



where 



f)t, = Dm- -dm^ T ^e*G« (A.25) 



comes from = —R, 7L = L. 

Now set the first term equal to minus its transpose and use the charge conjugation 
relations ( A. 23 ). The minus comes from the fact that the fermions are Grassmann valued. 
After carefully moving one of the resulting charge conjugation matrices to the other, one 
finds that the Dm and |e*Gm^ terms add,^^ while the |9m^ term cancels out. Thus, 
defining -0* = V'(2) > obtain 

Si,'^- = Td3 I d^x^ge-''lh,(i,a'^{ibm + ^e*G«)LV^) . (A.26) 

From the definition of Tab,m, ( A.10| ), (ATI), it is straightforward to verify that 

^I'^Tab^mr' = ll'^dm'^ . (A.27) 
lb 8 

Thus by making the field redefinition ip — > e~^^^^ip, we can cancel this factor in the Dirac 
operator and obtain an overall factor of e~* = T2 out front. Also, observe that 

--e CmOo - - — --, rr - -Qm ■ (_A.28j 

4 4 r2 4 [—i)(T — T) 2 



^^See for instance. 

^^The dm. term gets a second minus from integration by parts. 
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Finally, the conventions of |41] are such that lnol = 1, and therefore = l/27r. Putting 



all of this together, we obtain the desired result 

gferm. ^ _^ ^ rf^^Ts ^^tr (^V^^^^l^m + + ©(^-'A, V^M). (A.29) 

B. Explicit formulae for zero-modes 

Having argued for the existence of 3-3 string zero-modes in the compact case using index 
theory, string duality, and anomaly cancelation, let us now explicitly construct them. We 
will work in the general case with spacetime varying axidilaton, away from the orientifold 
limit. 

B.l Left-moving fermionic zero-mode 

The transverse wavefunction for the left-moving fermions must satisfy 

Pf + ^Q.-)/+ = ^ (5 + iaa + iaiogr2)/+ = . (B.l) 
The general solution is 

/+(z,z-) = c(z)r-'/'e-'^/^ , (B.2) 

where c(^z) is an arbitrary holomorphic function. How do we restrict c(z)? For one thing, 
/ ci^zT2e'^|/+P must be finite, but there is also another condition. Under a general SL(2, Z) 



transformation (2.2), one can verify that 



1 ( C7" ~\~ (X\ 

Qra^ Qra- dm.^ , where if = Arg{cT + d) = - - log _ , , . (B.3) 

2 \CT + a J 

Since we have gauged SL{2, Z) in constructing the supergravity background, the equations 
of motion must transform covariantly. Thus we require that^^ 



CT + d 



1/4 



^ e^v^/^^i = I ) (B.4) 

\CT + dj 

under SL(2, Z). This result agrees with the transformation for the = 4 supersymmetries 
and fermions derived in [50| by other means. Also, observe that under S'^ = —1 we have 



^p — > itp. Thus tp is only invariant under S -it transforms under a double cover of SL(2, Z). 
It is the same for the dilatino, gravitino and Killing spinor of the supergravity solution. 

This can help us in the following way. In the supergravity background there are 
some loops that have nontrivial 5L(2,Z) monodromy. Following the arguments in |26| 



regarding the Killing spinor, when we demand that the equation of motion transform 
covariantly under SL(2,Z), what we are really requiring is that the Lorentz monodromy, 
or holonomy, around these closed loops, due to the nontrivial spin connection, cancel the 
SL{2,'Z) monodromy. In other words, the fermions should have trivial holonomy with 



^Up to a possible automorphism of the R-symmetry group fcol. We will come to this point shortly. 
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respect to the total connection Dq. We can constrain the zero-mode solution by requiring 
that it undergo the correct holonomies around various closed loops in the background. 

Therefore, what we now need is a detailed picture of the SL{2, Z) branch cut structure 
of the background. The proper way to view the configuration is a generalization of the 
bottom picture in Figure 3, on page 26 of |Q. Instead of just one ADT+Ol system, imagine 
four of these on the surface of an 5"^, well separated. The boxed regions have the charge 
and monodromy of an 07~ plane, and we only consider closed loops that do not intersect 
them, thus staying in the perturbative framework. Each set has a point zi associated to 
it. These points are not the locations of any branes, but they have monodromy S*^ about 
them. In a noncompact case, these points would be taken to infinity. In the compact case 
we take them all coincident, so that the net monodromy around this point is 5'^-ie. trivial. 

(k) 

Thus we are effectively treating each 07-region as a point Zq^, k = 1, ... ,4, which 
has 5 branches of SL(2, TL) monodromy emanating from it. Four branches are lines across 
which T monodromy occurs and each of these ends on one of the four "satellite" -D7- 
branes. Each L'T-brane is at one of the 24 points z^^^ . One branch is a line across which S"^ 
monodromy occurs, and this line extends to an arbitrary point that we may take far from 
the 07-plane for convenience. Note that the arrows in the diagram are also important. 
The S"^ monodromy is associated with a clockwise loop around the 07-plane. A counter- 
clockwise loop corresponds to (5*^)"^ = 5^, which is not the same as 5^ in the double 
cover. Note also that each 07-region necessarily swallows up two of the z\J^, so that in 
this approximation we should take these coincident and equal to the relevant zqt- 

Therefore, as we encircle any of the 07-planes in a clockwise fashion, we require that 
i\) — > i'i/'. What does this imply for f±l Recall that the connection acts on /+ as (Pq)^/^ = 
and on /_ as ^Q)zf- = 0. This means that the Lorentz holonomy of /+ should be 
measured by integrating around the loop with respect to dz, while the Lorentz holonomy 
of /_ is measured by integrating around the loop with respect to dz. It follows that we 
must have /+ if^ and /„ —if-- This can also be seen by looking at the equation for 
parallel transport, f-Di^ = 0, where is a tangent vector to the curve. 

We claim that the unique normalizable solution for /+, with all of the correct SL{2, Z) 
monodromies, is obtained by taking 

c{z) = . (B.5) 

(n) 

Note that r is a holomorphic function everywhere except at the z^^ and that ij is entire 
on Fq. Thus r]{f(z)) fails to be holomorphic precisely at the z^^. Recall that around these 
points f behaves as f ~ ^ log {z — z^"^), and thus rj behaves as {z — z^'^)^^'^'^. Therefore 
c{z) is everywhere holomorphic. This c{z) yields 



1 friifiz)) ntUz 



Around clockwise loops enclosing D7-branes /+ is invariant, as the phase that rj acquires 
under the T transformation is canceled by the phase coming from the explicit {z — z^^) 
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factors, while T2 is invariant under T. For a clockwise rotation around any loop enclosing 
an 07-plane, /+ acquires a phase /+ — > e*'^/^/+. Where does this phase come from? The 
functions and T2 are invariant under the S"^ monodromy, but when we enclose an 07-plane 
we either enclose 6 of the z'f^ or enclose 6 — p of them and cross p lines of T monodromy. 
In either case, the result of this is a net phase for of i. Finally, it is easy to see that the 
solution leads to a normalizable mode, as 

j d^zrae^lZ+p = j (f ze" = volcw^ . (B.7) 

We have just argued above that, around an 07-plane, the fermions should transform 
via f± — > Hf±, and we have found a left-moving zero-mode that does precisely this. 
But this does not correspond to either the periodic or anti-periodic boundary conditions 
that we considered in the index calculation. Fortunately, there is an ambiguity in the 
5L(2,Z) transformation of the fermions. As was pointed out in the transformation 
is not unique, but rather can be combined with an automorphism of the supersymmetry 
algebra. The Montonen-Olive conjecture states that 5L(2,Z) should commute with the 
Poincare symmetries, but there is still the global SU{4:)ji symmetry. The automorphism 
of 5'[/(4)/j must be an inner automorphism, because the classical theory has no symmetry 
that acts trivially on spacetime and by an outer automorphism of 5C/(4)/j. Since inner 
automorphisms of a group are generated by its center, the SL{2, Z) action is defined up to 
the action of an element of the center of 5C/(4)ij. The center of S'C/(4)/j is generated by 
the element J = (iza5(e*'^/^, e*'^/^, e*'^/^, e*'^/^) which acts as i on the 4 of SU{A)ji and as 
—i on the 4. 

Now, both the left- and right-handed modes are in the 4. Hence, the SL{2, Z) phases 
around the 07-plane, (p = ±7r/2, are only defined up to ~ -|- tt/2. In particular, 
/+ — > i/+ is physically equivalent to^'^ 

/+ - -/+ • (B.8) 

Hence, the left-moving mode has anti-periodic boundary conditions. Therefore it must 
transform in the anti-symmetric tensor of 0{Nc), as claimed. 

B.2 Right-moving fermionic zero- mode 

We will be brief here as the analysis is quite parallel. The equation of motion for the 
transverse wavefunction is 

P. + ^Q.)/-=0 => {d + ^da-^dlogT2)f-=0 , (B.9) 

^"^Note that this does not imply that all phases modulo -k/2 are equivalent. When we compute the 
SL{2,'E) monodromy around a closed loop, we get a definite answer (modulo 2tt). This definite answer 
is physically equivalent to a 7r/2 shift of the same answer. It is not physically equivalent to a shift by tt, 
or —tt/2, etc. A shift by tt, for example, would be generated by the element in SU{4:)r. But, as is 
also discussed in [|o|, this corresponds to a W12 fermion number transformation ( — 1)^. And this is the W12 
element that is already used to extend SL{2, "E) to its double cover, under which the fermions transform. 
Hence this element already commutes with (the double cover of) SL{2, and can not be used to enlarge 
the set of physically equivalent phases further. Similarly a shift by — 7r/2 ~ 37r/2 would correspond to J'^ , 
but this must be identified with J and so there is no such shift. 
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with general solution 

Uz,z) = b{z)T^/^e-''/\ (B.IO) 

where b{z) is an arbitrary holomorphic function. The unique normalizable solution with 
all of the correct SL{2, TL) monodromies is obtained by taking 

l{z) = , (B.ll) 

which yields 

As we move around a clockwise loop enclosing an 07-plane, we have /_ —if-- This 
solution leads to a normalizable mode, 

j r2e»|/_p = y r2e» < DO , (B.13) 

since T2{z,z) is a function with only logarithmic singularities on CF^. Finally, the mon- 
odromy /_ —if- is physically equivalent to 

/- ^ /- • (B.14) 

Hence, the right-moving mode has periodic boundary conditions and therefore must trans- 
form in the symmetric tensor of 0{Nc). 

B.3 The 3-3 scalars 

The quadratic action for the D3-brane scalars M^^ is 

S3-3,(quad)[M''] = -^j d''x^giT[d^M,,d^M^^y (B.15) 
which leads to the equations of motion 

dmiV^g^'^'dnM'^) = (e"9^5^ + 4dd)M'^ = . (B.16) 

Clearly massless modes correspond to ddM^^ = 0. The general solution is a sum of holomor- 
phic and anti-holomorphic functions. Since we are on a compact space, and the equation of 
motion has no r dependence, there exists precisely one normalizable and modular invariant 
solution: the constant. This is periodic as we go around the 07-plane, and therefore it 
must be in the symmetric tensor of 0{Nc). This gives us six real scalars in the symmetric 
tensor representation. We expect two more scalars in order to complete the 8^, of S0{8)r 
in the Type I dual theory, that describes the transverse fluctuations of the Dl-string. We 
also expect zero-modes that represent a 1 -|- 1-dimensional gauge field in the anti-symmetric 
tensor representation. All of these remaining modes must come from the 3-3 gauge field. 
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B.4 The 3-3 gauge field 

The quadratic action for the D3-brane gauge field is 

S3-3,(,uad)[Am] = / d^x^t, (^T2F^nF"'^ + ^ne^F^^F^.j , (B.17) 

where e'^-'^^^ = {—g)~^^^, and we only need to consider the L'"(l) part of the field strength: 
Fmn = dm An — OnA^ + 0{A^). We integrate by parts in order to put the Lagrangian in 

the form AmO"^^ An- Doing so, one finds the usual curved space Maxwell operator and, 
additionally, terms that are proportional to spacetime derivatives of ti , r2 . After choosing 
the usual covariant Lorentz gauge, D"^Am, = 0, the action can be put in the form 



S = 



^ j d^XT2V^tlAmO^''An , with 



T2 



T2 



D''T2 
T2 



DpTl 



^mnpqQ 



T2 



(B.18) 



(B.19) 



(The term 9'"logr2-D" gives zero when acting on A^, but we choose to keep it because it 
will simplify the form of the operator). 

We work in lightcone coordinates = ^x^, so that the metric is given by ds^ = 
—dx'^dx~ + e^'^^'^'^dzdz. After some work one eventually finds the following expression: 



oTJ^^+or{z,z), 



(B.20) 



where 



and 



mn \ 
1+lJ 





d+d- 

— 51ogr25_ 

y—dlogT2d-. 



d+d- d log T2d- 







-dd 






-{dd + dlogT2d 
+d log T2d) 







dlogT2d- \ 


-e-'^d+d- 
/ 







e~"'{dd — dad 
+d\ogT2d) 





e^"'{dd — dad 
+dlogT2d) 





(B.21) 



(B.22) 



In deriving these expressions we have used the fact that t{z) is an anti-holomorphic function 
so, for instance, dri = —idT2 etc. Note that the order of the columns and rows in these 
matrices is (+, —,z,z). 
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Zero modes are obtained as solutions of 

= . (B.23) 
Note we must also make sure that the gauge constraint 

D'^An = -2{d+A^ + d-A+) + le'^idAs + dA,) = (B.24) 
can be maintained. We make the ansatz 

z, z) = a„^{x^')^^{z, z) (no sum). (B.25) 
Then the equations ( [B.23| ) are 

dd^+ = , (B.26) 

{dd^d\ogT2d + d\ogT2d)-^- = , (B.27) 

{d-da + d\ogT2)d-^z = Q , (B.28) 

{d-da + d\ogT2)d-^z = Q . (B.29) 

Assuming that these equations are satisfied, it is easy to show that the gauge field action 
( |Bl8| ) reduces to 

S = - j <fzT2\r^'^+'^-j Sx(^+d+d-a- + a^d+d-a^ + 

-'^ j (fzT2^/^e-''^z^zj (fx{azd+d-a-z + a-zd+d-a^ + 

+- j d^zr2^/^91ogT2^'+^'s j <fx(^+d^a2 - a^d-a^ + c.c. (B.30) 

In order for this to give an effective 1 + 1-dimensional action for massless modes, we 
require that the integrals over the transverse space be finite and, additionally, the third 
term must vanish. In order for the third term to vanish, there are two disjoint possibilities: 

= ^r- = or = . (B.31) 

These will lead to two different sets of zero-modes. We investigate each separately. 

B.4.1 The A± zero-modes 

This solution corresponds to setting 

= = . (B.32) 

The reality of the gauge field A^ implies that (j)± , ^± may be taken real. The most general 
real solutions to the ^± equations ( [B.26| ), ( |B.27 ) are 

= ^+(z)+^+(z), ^_{z,z) = -{^.{z) + i^.{-z)), (B.33) 

T2 
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where iIj±{z) are arbitrary holomorphic functions of z (possibly involving f{z)). Again, 
there are two requirements that will select out a unique solution: the integral over the 
transverse space must be finite, and around closed loops ^± should undergo monodromies 
consistent with their transformations under the corresponding SL{2,'Z) actions. 

This brings us to the question of how do ^± transform under a general A € SL{2, Z). 
As in the case of the fermions, we answer this by requiring that the equations of motion 
transform covariantly under SL{2,1i). First consider the equation of motion ( B.26| ). 



The operator is invariant under SL{2,'E) and so we require to be invariant. Thus 
is a holomorphic function of z only and can not depend on f. Now consider 

{dd + d log T2d + B log r29)^_ = . (B.34) 
Under general A = ("^ the differential operator transforms and it is not at all obvious 



how can transform in order to counter these new terms, and not introduce any others. 

We need to write the ^_ equation in an SL{2, Z) covariant fashion, involving the U{1) 
Kahler connection. It is straightforward to show that ( |B.27| ) can be written as 

(D' - q*e'^Qj){Di + qeikQ'')^^ = , with q = 2i , (B.35) 

where i,j = z,z run over the transverse coordinates and €ij is the Levi-Cevita tensor 
density on the transverse 2-manifold. Our conventions will be e^z = —(-zz = ~y/9^ from 
which it follows that e^^ = — e^^ = g~^^'^ . (If this sign is flipped, then the charge q = 2i 
must also change sign). In this form we can now determine the proper transformation of 
under SL{2, TL). Recalling the transformation law of Qj, (|B.3| ), one has 



A2ieijQ^ = —2ieijd^ip 



2idzf, i = z 
—2idz(p, i = z 



-5 log (cT + d), i = z 
-5 log (cT + d), i = z 



(B.36) 



Hence we require that 



9.^^^a.^- + ^!°^!^'tj|'^ = !. (B.37) 
o log [CT + a) , I = z 



This is achieved with the transformation 

^_ ^ glog(cr+d)+log(CT+d)^_ ^ ^ ^ _ 

In other words, ^_ should transform as a modular form of weight (1, 1). As a check, one 
could now go back to the original equation ( p. 27] ) and see that it does indeed transform 
covariantly using this transformation rule. After considerable algebra and some nontrivial 
cancellations, one finds that it actually works. 

This transformation is consistent with = 1 /t2 and therefore we require that ip- (z) 
be independent of f{z). Now we use the requirement of normalizability to fix the functions 
■0-1- (z). The guage field action evaluated on these zero-modes is 

3=^1' id'^ze''Re{ip+{z))Rei'ilj-{z)) I d^x(a+d+d^a- + a^d+d^aA . (B.39) 
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Since ~ l/l-z]*^ as z — oo, the only functions V'± that are entire on (D and give a non-zero^ 
finite result for the integral are 

V'i = const . (B.40) 

Thus we arrive at precisely two real massless zero- modes a-t, that transform as a vector 
under the S0(\^ 1) Lorentz group. 

Observe that the transverse wavefunctions 

^ , -r , const 

'^+{z,z) = const , ^'_(z,2;) = (B.41) 

are periodic around the 07-planes. Indeed, the SL{2, Z) transformations for these wave- 
functions indicate that they should be invariant under 5^. However, recall that 5^ acts 
on the string worldsheet as 17, worldsheet orientation reversal. In addition to flipping the 
Chan-Paton indices, this gives a minus sign when acting on the string modes correspond- 
ing to the gauge field. Thus, in order for the overall state to be single-valued around the 
07-planes, these zero-modes must transform in the anti- symmetric tensor of 0{Nc)- Thus, 
as one would expect, the zero-modes of the components of the 3-3 gauge field 

correspond to the 1 + 1-dimensional gauge field on the intersection. 

Finally, although the above ^± satisfy the equations of motion, we must still check 
that the gauge condition can be maintained. With set equal to zero, we have 

D"'Am = -2(a+a_^_ + a_a+^'+) = , (B.42) 

which is just the standard Lorentz gauge condition in 1 + 1 dimensions. Since are 
linearly independent functions of z, the gauge condition can only be satisfied by taking 

a+a_ =d-a+=0 . (B.43) 

If we were dealing with a U{1) gauge field this would imply that the field strength vanishes. 
However, in the non-Abelian case there is the term F^l ~ a_|_a_. It follows from ( p.43| ) 
that this corresponds to a non-propagating electric field along the intersection, which is, 
of course, what one would expect. 

B.4.2 The Az,Az zero-modes 
Now let us suppose that 

= . (B.44) 



The equations ( [B.28|) , (|B.29|) are consistant with taking {^z)* = ^z, as they should be 
since the reality of the gauge field requires it. Now, recall from the supergravity solution 
that 

^a{z,z) ^ r2g{z)g{z) , where g{z) = . (b.45) 
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Hence, d{a — logT2) = dlogg is a holomorphic function and the operators {d — da+dlogT2), 
d commute. Thus the general solution for ^'2, is given by 

^,{z, z) = a{z)g{z) + (5{z) , ^>-, = a{z)-g{z) + j3{z) , (B.46) 

where a{z),l3{z) are arbitrary holomorphic functions. We can quickly eliminate one of 
these functions by considering the question of normalizability. If f3{z) is nonzero, then 
the integral over the transverse space will contain a term J T2\(3\'^ ■ Since T2 const > 
as z ^ 00, it is clear that this can not be normalizable for any function /? entire on C 
Therefore we may take 

/3 = . (B.47) 

In order to fix a{z), however, we will need to consider how ^'2, transform under SL{2, Z). 

One can check that the following Lorentz and SL{2, Z) covariant equation of motion 
reduces to ( ^^2^ ): 

{D'-q*{e'^ -g'^)Qj){Di+q{e,k-9ik)Q'')^z = , with q = i. (B.48) 

Using this we can derive the transformation law of "i/z under SL{2, Z). Under r — > Ar we 
have 



Ai(eij - gij)Q^ = -i{eij - gij)d'ip 



2idz(p, i = z 
0, i = z 



-(9 log (cT + d), i = z 
0, i = z 



(B.49) 



Therefore we require 

^ e^og (cf+d)^^ ^ ^ ^^^^ _ 

For ^2 the manifestly covariant equation of motion is 

{D' + i{e'^ + g'^)Qj){Di + i{eik + g^k)Q'')^z = , (B.51) 

which leads to the expected transformation rule 

^-z ^ (cr + d)^, . (B.52) 

These rules mean that ^z,^z should be invariant under T and change sign under 
5^. Therefore, they should be antiperiodic around the 07-planes. The function g{z) (and 
its conjugate) has just these properties, reasoning along the same lines as we did for the 
fermionic zero-mode solutions. Thus we may take a{z) = const so that 

4, (, s) - 4.-(. 5) - ,B 53) 
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To see that a = const is the only solution, observe that 

T2*z^'f = / T2\gf\af -- 



(B.54) 



Then by the same arguments as in the last section, we must have a = const for normaliz- 
ability. 

When we combine the anti-periodicity of the transverse wavefunction with the extra 
minus sign coming from the action of 0, on these string modes, we see that the Az,Az 
zero-modes must transform in the symmetric tensor representation of 0{Nc)- Hence they 
have the right quantum numbers to be the remaining two scalars that complete the 5*0 (8)^, 
transverse fluctuation modes of the 1 + 1-dimensional theory. This is what we would expect; 
T-duality in a given direction maps the component of the gauge field in that direction to 
a scalar representing transverse fluctuations. 

Note that for this solution we set = 0, but it was not necessary to set to zero. 
Since dz^z = dz^z = 0, the gauge condition reduces to S+vl- = 0. Thus we may either 
have = or 9+a_ = 0. This is pure gauge from the 1 + 1-dimensional point of view. 
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